Introduction
The structure of cyclic codes over Z p m was obtained by Calderbank and Sloane in [3] and later on,with a different proof by Kanwar in [7] . Using the techniques presented in [7] , Wan [14] extended Kanwar's results to cyclic codes over Galois rings. In 2004, with a different technique, Dinh extended the structure theorem given in [14] to cyclic codes over finite chain rings [4] .
Cyclic codes and self-dual codes over F 2 + uF 2 have been extensively studied in several papers [1] , [5] , [11] . Self-dual codes over F 4 + uF 4 [8] and over F 2 m + uF 2 m [2] have received more attention lately.
In this work, we study cyclic codes over F p + uF p + · · · + u k−1 F p , and describe the structure of Galois extension ring and cyclic codes over F p + uF p + · · · + u k−1 F p .
Preliminaries
The general case of such rings over R = F p [u]/(w(u) k ), where k > 1, p is any prime and w(u) is an irreducible polynomial of degree m ≥ 1 over F p , has been studied in [12] . The ring F p + uF p + · · · + u k−1 F p is a special case of these rings when w(u) = u. Throughout this paper, we let R denote this ring
By a code C of length n over a ring R, we mean an additive submodule of the R-module R n . Given Two words x, y are called orthogonal if x · y = 0. For a code C over R, its dual code C ⊥ is the set of words over R that are orthogonal to all codewords of C, i.e.,
Two codes are equivalent if one can be obtained from the other by permuting the coordinates.
A cyclic code of length n over R is a linear code with the property that if (c 0 ,
We assume that p is not divisible by n, and we represent codeword by polynomials. Then cyclic codes are ideals of the ring
be the ring of polynomials over R. We have a natural homomorphic mapping from R to its residue field F p . For any a ∈ R, letâ denote the polynomial reduction modulo u. Now define a polynomial reduction mapping µ :
is said to be a basic irreducible polynomial if its projection µ( f ) is irreducible over F p [x] . The Galois ring of R denoted as GR(R, r) is defined as R[x]/( f (x)), where f (x) is a basic monic irreducible polynomial of degree r over R. Hence the ring GR(R, r) is a module over R. The basic monic irreducible polynomial of degree r over R can be lifted from a monic irreducible polynomial over F p . The trick is to consider a monic irreducible polynomial over F p which is a subring of R. For any poly-
Since F p is a subring of R, we will not make distinction between f and f if the context is clear. Any irreducible polynomial over the subring is obviously irreducible over the ring. Thus any monic irreducible polynomial f (x) over F p is a basic monic irreducible polynomial over R.
Like Galois fields, GR(R, r) is unique for a given r [10] . The group of units of GR(R, r) denoted by GR * (R, r) is given by a direct product of two groups
where G C is cyclic group of order p r − 1, and G A is an Abelian group of order p (k−1)r .
Lemma 2.1:
The set {G C , 0} is isomorphic to the 
This is analogous to the p-adic representation considered in [3] .
Cyclic Codes over R
There is a lot of similarity between the structure of codes over R and the structure of codes over F 2 + uF 2 . We deduce from [1] .
where f i are basic irreducible and pairwise-coprime, then this factorization is unique.
We define f as a primary polynomial if ( f ) is a primary ideal. The maximal ideal contains all zero divisors. In Lemma 2.2, we have given the structure of prime ideals in R[x]/( f (x)). Now we give the structure of all ideals in R n .
Theorem 3.2:
Let p is not divisible by n and x n − 1 = f 1 f 2 · · · f r , where the f i (1 ≤ i ≤ r) are basic irreducible and pairwise-coprime polynomials. Letf i denote the product of all f j except f i . Then any ideal in the ring is a sum of (u
The proof is similar to the proof given in [1,Theorem 1] for ideals in (F 2 + uF 2 )/(x n − 1) as in this case also, ideals in R n can be written as
, is an ideal of the Galois ring R[x]/( f i ). The only ideals in
But then I i will correspond to (u jf i ) in R n . In any case, the ideal I is a sum of (u jf i ).
Corollary 3.3:
The number of cyclic codes over R of length n is (k+1) r , where r is the number of basic irreducible polynomial factors in x n − 1 over R. The following theorem characterize cyclic codes by giving generator polynomial description.
Theorem 3.4:
Suppose C is a cyclic code of length n over R, p is not divisible by n, then there are unique monic polynomials
n −1 has a unique factorization into basic irreducible polynomials: x n − 1 = f 1 f 2 · · · f r . By Theorem 3.2, C is a sum of some of (u jf i ). By rearranging f 1 , f 2 , · · · , f r , we can assume that C is the sum of
where t 1 , t 2 , · · · , t k ≥ 0, and t 1 +t 2 +· · ·+t k +1 ≤ r. Let t 0 = 1 and t k+1 be a nonnegative integer such that t 1 +t 2 +· · ·+t k+1 = r. For 0 ≤ i ≤ k, define
Then it is easy to show that
, they are pairwise-coprime and thus
Therefore,
. Theorem 3.5: Let C be a cyclic code of length n over R, p is not divisible by n. Then there exist polynomials
Proof: By Theorem 3.4, there exist a family of pairwise coprime monic polynomials
To prove the reverse inclusion we first observe that f 0 ∈ C. For F 1 and F 2 are coprime, there exist polynomi-
Continuing this process, we obtian u i f i ∈ C for all i, 0 ≤ i ≤ k − 1. Thus, we have
Cyclic Dual Codes
Recall that, for a code C over a ring R (or an R-code), we shall use the notation C ⊥ to denote the dual code of C. A code is called self-dual if it is its own dual. For a polynomial f of degree k, f * will denote its reciprocal polynomial
Before we go on to produce generators for the dual codes, we need to state the following well-known results [7] .
Lemma 4.1: The number of element in any nonzero linear code C over R is of the form p s . Furthermore, the dual code C ⊥ has p t codewords where s + t = kn. Theorem 4.2: Suppose p is prime not dividing by n and 
Conclusion
We introduce cyclic codes over the ring F p + uF p + · · · + u k−1 F p , and study them by analogy with the Z p k case. We give the structure of these codes on this polynomial residue ring. It would be interesting to investing the generating idempotents of cyclic codes and determine the existence of self-dual cyclic over those rings.
